We present a number of complete sets of series expansion formulas for neutrino oscillation probabilities in matter of constant density for three flavors. In particular, we study expansions in the mass hierarchy parameter α ≡ ∆m 2 21 /∆m 2 31 and mixing parameter s 13 ≡ sin θ 13 up to second order and expansions only in α and only in s 13 up to first order. For each type of expansion we also present the corresponding formulas for neutrino oscillations in vacuum. We perform a detailed analysis of the accuracy of the different sets of series expansion formulas and investigate which type of expansion is most accurate in different regions of the parameter space spanned by the neutrino energy E, the baseline length L, and the expansion parameters α and s 13 . We also present the formulas for series expansions in α and in s 13 up to first order for the case of arbitrary matter density profiles. Furthermore, it is shown that in general all the 18 neutrino and antineutrino oscillation probabilities can be expressed through just two independent probabilities. a
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Introduction
The discovery of neutrino oscillations in atmospheric, solar, and reactor neutrino experiments has turned neutrino physics into one of the most exciting and active fields of particle physics. By now, a significant amount of information on neutrino properties has been obtained. The results of the atmospheric neutrino experiments [1] [2] [3] and the K2K accelerator neutrino experiment [4] have allowed the determination of the fundamental neutrino parameters ∆m 2 31 and θ 23 to an accuracy of about 30% and 15%, respectively, while the solar neutrino experiments [5] and the KamLAND reactor neutrino experiment [6] have measured the parameters ∆m 2 21 and θ 12 to an accuracy of about 15%. In fact, this means that neutrino physics is now entering an era of precision measurements of the neutrino oscillation parameters. Future experiments with superbeams and neutrino factories will determine the "atmospheric" and "solar" neutrino oscillation parameters to an accuracy of the order of 1%. They are also expected to measure the elusive leptonic mixing angle θ 13 for which at present only an upper limit exists [7] , or to put a more stringent limit on this angle, as well as to clarify the issues of the neutrino mass hierarchy and possibly of leptonic CP violation. Important information on neutrino oscillation parameters can also be obtained from the future atmospheric, solar, reactor, and supernova neutrino experiments.
Increasing accuracy and reach of the present and especially of forthcoming experiments put forward new and more challenging demands to the theoretical description of neutrino oscillations. In order to be able to determine the fundamental neutrino parameters from the data with high precision, one needs, among other things, very accurate theoretical expressions for the probabilities of neutrino oscillations in matter and in vacuum. While these probabilities can, in principle, be calculated numerically with any requisite accuracy, it is highly desirable to have also analytic expressions for them. Such analytic expressions would reveal the basic dependence of the neutrino oscillation probabilities on the fundamental neutrino parameters and on the characteristics of the experiment and thus facilitate the choice of the experimental setup as well as the analysis of the data. They would also help to understand the physics underlying various flavor transitions and to resolve the parameter degeneracies and other ambiguities, such as fundamental versus matter-induced CP violation.
The purpose of this paper is to present a collection of approximate analytic formulas for the neutrino oscillation probabilities. We derive a number of complete sets of series expansion formulas for the three-flavor neutrino oscillation probabilities in matter and in vacuum. The probabilities are expanded in the mass hierarchy parameter α ≡ ∆m 2 21 /∆m 2 31 , the mixing parameter s 13 ≡ sin θ 13 , or in both of them. We also study in detail the accuracy of the obtained expressions in different regions of the parameter space and identify the "best choice" in each case of interest.
Before proceeding to present our results, we give here a brief overview of the previous work on the subject. Analytic formulas for three-flavor neutrino oscillation probabilities have been derived in a number of papers. Exact formulas for the neutrino oscillation probabilities in vacuum can be found, e.g., in Ref. [8] . Exact expressions can also be obtained in the case of three-flavor neutrino oscillations in matter of constant density [9] [10] [11] [12] [13] [14] [15] [16] . However, the corresponding formulas are rather complicated and not easily tractable. This also applies to the exact analytic three-flavor formulas obtained for some special cases of non-uniform matter density: linear matter density [17] and exponentially varying matter density [18] .
Approximate analytic formulas for three-flavor neutrino oscillation probabilities in matter have been derived in a number of papers, see e.g., Refs. [19] [20] [21] [22] [23] [24] . In Refs. [19, 20] , the Mikheyev-Smirnov-Wolfenstein (MSW) resonances [25] in matter of varying density were studied assuming large separation and independence of the high-density and low-density resonances. In Refs. [20, 21, 23] , the adiabatic approximation was used to derive three-flavor neutrino oscillation probabilities in matter of varying density, whereas in Ref. [24] , the Magnus expansion for the time evolution operator was used, which is equivalent to the anti-adiabatic approximation.
In a number of papers an approach similar to ours was adopted, i.e., the neutrino oscillation probabilities were expanded in the small parameters α, s 13 , or in both of them. In Ref. [26] , exact analytic expressions for three-flavor neutrino oscillation probabilities in matter with an arbitrary density profile were obtained in the limit α → 0 by reducing the problem to an effective two-flavor one. In Ref. [27] , a similar approach was employed to obtain the neutrino oscillation probabilities in matter of arbitrarily varying density in the limit θ 13 → 0, whereas in Refs. [28, 29] , expressions up to first order in s 13 were derived. For the case of matter of constant density, the limit α → 0 was considered in Ref. [30] . Expansions up to first order in α were carried out in Refs. [31, 32] . In Refs. [33, 34] , both the solar mass squared difference ∆m 2 21 and matter effects were treated as perturbations and the transition probabilities up to first order in them were derived. Expansions in both α and s 13 were used in Refs. [35] [36] [37] [38] . We note that the neutrino oscillation probabilities derived in most of the above-mentioned papers either did not constitute a complete set (i.e., a set of probabilities from which the probabilities in all channels can be obtained), or contained expressions from which some terms were missing, especially in the case of the probabilities P (ν µ → ν µ ) and P (ν µ → ν τ ). Thus, to the best of our knowledge, our study is the first one in which, for the case of matter of constant density, complete and consistent expansions in α and s 13 to second order and expansions only in α and only in s 13 up to first order are performed.
The paper is organized as follows. In Sec. 2 we set the general formalism and notation, discuss some general relations satisfied by the oscillation probabilities, and show that all the 18 neutrino and antineutrino oscillation probabilities can be expressed through just two independent probabilities. In Sec. 3 we present a series expansion of the neutrino oscillation probabilities up to second order in both α and s 13 (the so-called "double expansion"), whereas in Secs. 4 and 5 we consider the probabilities expanded up to first order in α and s 13 , respectively ("single expansions"). In all three cases, we give the probabilities for matter of constant density (Secs. 3.1, 4.1, and 5.1) and in vacuum (Secs. 3.2, 4.2, and 5.2). We also compare our formulas with the corresponding expressions existing in the literature (when available), pointing out agreements and disagreements. In Sec. 6, we discuss the qualitative behavior of the neutrino oscillation probabilities, the relevance of matter effects, and give a detailed evaluation of the accuracy of the various formulas. Furthermore, we comment on the application of our probability formulas to neutrino oscillation experiments. We summarize our results in Sec. 7. Finally, several methods that have been used to derive the formulas are presented in the appendices. In Appendix A, we describe the perturbative diagonalization of the effective Hamiltonian of the neutrino system in the case of matter of constant density, while in Appendix B, the details of the perturbative expansion of the neutrino evolution equation in the case of arbitrary matter density profiles are given.
General formalism and notation
We consider three-flavor neutrino oscillations and adopt the standard parameterization of the leptonic mixing matrix U [39] : 
Here O ij is the orthogonal rotation matrix in the ij-plane which depends on the mixing angle θ ij , U δ = diag(1, 1, e iδ CP ), δ CP being the Dirac-type CP-violating phase, s ij ≡ sin θ ij and c ij ≡ cos θ ij . In the three-flavor case there are also, in general, two Majorana-type CPviolating phases; however, these phases do not affect neutrino oscillations, and therefore will not be considered here. Without loss of generality, one can assume all the mixing angles to lie in the first quadrant (i.e., between 0 and π/2), while the CP-violating phase δ CP is allowed to lie in the interval [0, 2π].
Let us denote by P αβ ≡ P (ν α → ν β ) the probability of transition from a neutrino flavor α to a neutrino flavor β, and similarly for antineutrino flavors, i.e., Pᾱβ ≡ P (ν α →ν β ). In general, the three-flavor neutrino oscillation probabilities in matter P αβ depend on eight parameters and one function:
Here ∆m
j are the neutrino mass squared differences, E is the neutrino energy, L is the baseline length, and V (x) is the matter-induced effective potential, x ∈ [0, L] being the coordinate along the neutrino path. The neutrino mass squared differences, the leptonic mixing angles, and the CP-violating phase are fundamental parameters and thus experiment-independent, whereas the neutrino energy, the baseline length, and the matterinduced effective potential vary from experiment to experiment. The present best-fit values and 3σ allowed ranges of the fundamental neutrino parameters found in a recent global fit of the neutrino oscillation data [40] are summarized in Table 1 
For the CP violation phase δ CP we allow values between 0 and 2π.
Parameter Best-fit value
The potential V (x) is given in convenient units by
where ρ(x) is the matter density along the neutrino path and Y e (x) is the number of electrons per nucleon. For the matter of the Earth one has, to a very good accuracy, Y e ≃ 0.5.
For many practical applications (such as long-baseline accelerator experiments, as well as oscillations of atmospheric, solar, and supernova neutrinos inside the Earth when they do not cross the Earth's core) it is a very good approximation to assume that the matter density along the neutrino trajectory is constant (see, e.g., Refs. [42] [43] [44] ). Typical values for the matter density are ρ crust ≃ 3 g/cm 3 in the Earth's crust and ρ mantle ≃ 4.5 g/cm 3 in its mantle. In situations where the neutrinos also cross the Earth's core or for strongly varying matter density profiles like those inside the Sun or supernovae, the constant matter density approximation is not valid.
The neutrino oscillation probabilities can be found as P αβ = |S βα (t, t 0 )| 2 , where S(t, t 0 ) is the evolution matrix such that
Note that S(t, t 0 ) satisfies the same Schrödinger equation, Eq. (5), as |ν(t) . In the case of matter of constant density, the evolution matrix can be obtained by diagonalizing the Hamiltonian in Eq. (6) according to H = U ′Ĥ U ′ † , where U ′ is the leptonic mixing matrix in matter andĤ = diag(E 1 , E 2 , E 3 ). The evolution matrix is then given by
where we have identified L ≡ t − t 0 .
Before presenting our results for the neutrino oscillation probabilities, we discuss some of their general properties as well as relations between them. First, we note that Eq. (7) implies that one can relate the oscillation probabilities for antineutrinos to those for neutrinos by
Second, in general, i.e., both in vacuum and in matter with an arbitrary density profile, it follows from the unitarity of S(t, t 0 ) (conservation of probability) that
These relations imply that five out of the nine neutrino oscillation probabilities can be expressed in terms of the other four [45] .
Besides these general properties, there exists an additional symmetry due to the specific parameterization of the mixing matrix given in Eq. (1) and the fact that the rotation matrix O 23 commutes with the matter potential term of the Hamiltonian in Eq. (6) . It is easy to show that the evolution matrix can be written as
where S ′ (t, t 0 ) does not depend on θ 23 . This can be used to prove some useful relations between the probabilities. Let us denote
Using Eqs. (13) and (14), one can readily show that
while P ee turns out to be independent of θ 23 .
Out of the three conditions in Eq. (15), only two are independent, as each of them can be derived from the other two and the unitarity conditions (12) . Hence, the number of independent neutrino oscillation probabilities is reduced to two. Thus, we come to the important conclusion that all the nine neutrino oscillation probabilities can be expressed through just two independent probabilities provided that their dependence on the mixing angle θ 23 is known. However, the choice of these independent probabilities is restricted: they should not include P ee , which is independent of θ 23 ; nor should they be a pair of the probabilities, which are T-reverse of each other, or go into each other (or T-reverse of each other) under the transformation s One possible choice, and the one that we will use, is P eµ and P µτ . For completeness, we give here the expressions for all the other neutrino oscillation probabilities in terms of these two. Using Eqs. (12) and (15) , one easily finds
In addition to the above relations, one can study the transformations of the neutrino oscillation probabilities under the time reversal P αβ → P βα . It can be shown [28] that in matter with an arbitrary density profile
where V rev (x) is the "reverse" potential, which corresponds to the interchanged positions of the neutrino source and the detector. In the case of symmetric matter density profiles (including matter of constant density), V rev (x) = V (x), and Eq. (23) simplifies to
While Eq. (24) does not further reduce the number of independent probabilities, it yields relations which can be useful for cross-checking the formulas for P αβ in the case of matter with symmetric density profiles.
By applying the rule given in Eq. (11), one can obtain from Eqs. (16)- (22) the corresponding probabilities for the antineutrino oscillations. Thus, the expressions for all 18 probabilities of neutrino and antineutrino oscillations can be found from the formulas for just two independent neutrino oscillation probabilities, which, as was already mentioned, we choose to be P eµ and P µτ . In order to be more explicit, we will in some cases also give formulas for additional neutrino oscillation channels.
In the following Secs. 3, 4, and 5, we give our results for the various series expansions of the neutrino oscillation probabilities. We will adopt the following abbreviations:
3 Series expansion up to second order in α and s 13
Matter of constant density
In this section, we present the series expansion formulas for three-flavor neutrino oscillation probabilities in matter of constant density up to second order in both α and s 13 . The probabilities are calculated by diagonalizing the Hamiltonian (6) up to second order in these parameters, as described in Appendix A.1. We find for the eigenvalues of the Hamiltonian
Calculating the mixing matrix in matter U ′ as described in Appendix A.1 and using Eq. (10) for the evolution matrix S, it is straightforward (although somewhat tedious) to derive the following expressions for the neutrino oscillation probabilities:
Formally, our calculations are based upon the approximations α, s 13 ≪ 1 and no explicit assumptions about the values of L/E are made. However, we remark that the series expansion formulas (30)- (34) are no longer valid as soon as α∆ = ∆m 2 21 L/(4E) becomes of order unity, i.e., when the oscillatory behavior due to the "solar" mass squared difference ∆m 2 21 becomes relevant. This can happen for very long baselines and/or very low energies. See also Sec. 6 for a detailed discussion of the accuracy of these formulas.
From Eqs. (27)- (29) one can see that in vacuum (A = 0) and at the atmospheric resonance (A = 1) the expressions for the eigenvalues are divergent, and one would expect the expansion to break down. In these cases, two out of the three eigenvalues of the unperturbed Hamiltonian are degenerate and, strictly speaking, the degenerate perturbation theory rather than the ordinary one should be employed. However, it turns out that, though the eigenvalues (27) - (29) are divergent, the neutrino oscillation probabilities are finite in the limits A → 0 and A → 1. The reason for this interesting behavior is a cancellation of divergences between the eigenvalues and the matrix elements of the leptonic mixing matrix in the calculation of the evolution matrix according to Eq. (10). In particular, in the limit A → 0, the correct vacuum neutrino oscillation probabilities are obtained.
We shall now compare the above results with those existing in the literature. Equations (27)-(32) have previously been derived in Ref. [35] and confirmed in Ref. [36] . Expressions (33) and (34) are new. In Ref. [38] , an expression for P µτ was found to first order in α, including the O(α s 13 ) term, which can be compared with the corresponding terms in our Eq. (34) . We find that, while our O(1) and O(α) terms coincide with those in Eq. (A3) of Ref. [38] , our O(α s 13 ) term is quite different. In particular, we disagree with the statement in Ref. [38] that to order α the probability P µτ does not depend on the CP-violating phase δ CP . The existence of a term proportional to α sin δ CP in P µτ is actually expected, since in matter of constant density the phase δ CP is the sole source of T-violation, and up to the sign, the T-odd terms in all three transition probabilities must be the same [26] . This is indeed seen in Eqs. (31), (32) , and (34). We also note that the term of order α s 13 in Eq. (A3) of Ref. [38] diverges at the atmospheric resonance (A = 1), while our expression (34) is regular at all physical values of parameters.
Vacuum neutrino oscillation probabilities up to second order in α and s 13
The vacuum neutrino oscillation probabilities up to second order in α and s 13 are given by 4 Series expansion up to first order in α
In this section, we expand the probabilities up to first order in the small parameter α while keeping their exact dependence on θ 13 . One expects these formulas to be useful for relatively large values of s 13 . In addition, they will correctly account for the "atmospheric" resonance driven by the parameters ∆m 2 31 and θ 13 .
Matter of constant density
The eigenvalues of the Hamiltonian (6) up to first order in α are
where
To calculate the probabilities to first order in α we followed two different approaches: First, we used the Cayley-Hamilton formalism as described in Appendix A.2, to series expand the evolution matrix, and second, we considered the constant-density limit of the expansion of the evolution equation described in Appendix B.1. Both methods gave the same results, which is a useful cross-check of our calculations. Writing
we obtain the following expressions for the ν e → ν e channel:
Similarly, for the ν e → ν µ channel we find
and finally, for the ν µ → ν τ channel we have (1 + 2s 
In the above formulas, one may identify the effective mixing angle in matter in the 1-3 sector θ ′ 13 , which is determined through the expressions sin 2θ
appearing frequently in Eqs. (45)- (50). Furthermore, the combination C 13 ∆ appearing as the argument of sine or cosine corresponds to the effective ∆ in matter. In the limit when θ 13 is small, one has C 13 ≃ A − 1, and expanding Eqs. (45)- (50) up to second order in s 13 yields the double expansions given in Sec. 3, except for the terms of order α 2 .
Equations (40)- (42) and (45)- (48) have previously been derived in Ref. [35] and confirmed in Ref. [36] . Expressions (49) and (50) are new.
Vacuum oscillation probabilities up to first order in α
Taking the limit A → 0 in Eqs. (45)- (50), it is straightforward to obtain the neutrino oscillation probabilities in vacuum to first order in α: 
5 Series expansion up to first order in s 13
In this section, we expand the probabilities up to first order in the small parameter s 13 while keeping their exact dependence on α. These formulas are expected to be useful whenever neutrino oscillations driven by the solar mass squared difference ∆m 2 21 are important. In practice, this means low neutrino energies and long baselines.
Matter of constant density
The eigenvalues of the Hamiltonian (6) up to first order in s 13 are given by
Note that these eigenvalues are independent of the expansion parameter s 13 , which is consistent with Eqs. (27)- (29), where the lowest-order in s 13 corrections to the eigenvalues appear only at order s 2 13 . As in the case of the single expansion in α, we have calculated the probabilities using two different methods: by series expanding the evolution matrix using the Cayley-Hamilton formalism as described in Appendix A.2, and using the constant-density limit of the single expansion in s 13 of the evolution equation described in Appendix B.2. We have found identical results. Writing the probabilities as
The absence of any first order corrections to P ee is consistent with Eq. (30) . Similarly, for the ν e → ν µ channel we find
and for the ν µ → ν τ channel we have
In this case, one may identify in Eqs. (63)- (68) 
The combination αC 12 ∆ appearing as argument of sine or cosine corresponds to oscillations with the "solar" frequency in matter. Furthermore, we note that in the limit when α is small, one has C 12 ≃ A/α − cos 2θ 12 , and expanding Eqs. (63)-(68) up to second order in α yields the double expansions given in Sec. 3, except for the terms of order s 2 13 . Neutrino oscillations probabilities in matter of constant density expanded to first order in s 13 , but exact in α, presented in this subsection, have not been previously published and are entirely new.
Vacuum oscillation probabilities up to first order in s 13
Taking the limit A → 0 in Eqs. (63)-(68), one recovers the vacuum probabilities expanded to first order in s 13 : 
6 Qualitative discussion and tests of accuracy
In this section, we discuss the qualitative behavior of the neutrino oscillation probabilities and the relevance of matter effects (Sec. 6.1). We also assess quantitatively the accuracy of the various expansions and compare each type of expansion with an exact numerical calculation of the corresponding probability (Secs. 6.2 and 6.3). We examine in detail which type of expansion is most accurate, depending on the values of the fundamental parameters (especially α and s 13 ), and on the experimental configuration characterized by the neutrino energy E and the baseline length L. In Sec. 6.4, we discuss issues related to the application of our formulas to neutrino oscillation experiments. As we have shown in Sec. 2, the probabilities for all oscillation channels can be obtained from the expressions for P eµ and P µτ [see Eqs. (16)- (22)]. Therefore, we focus in the following on the ν e → ν µ channel; we briefly comment also on the other neutrino oscillation channels.
6.1
The relevance of matter effects and the probability P eµ
Before considering the accuracy of the expansion formulas, we discuss in this subsection the features and the relevance of matter effects for the ν e → ν µ oscillation probability P eµ . The discussion applies also to P eτ ; matter effects on the probabilities P µµ , P τ τ , and P µτ are significantly weaker than those on P eµ and P eτ . Figure 1 shows contours of P eµ for matter of constant density calculated numerically from Eq. (6) without any approximations, for a wide range of baseline lengths and neutrino energies. Many features of this figure can be understood by considering the expression for the two-flavor neutrino oscillation probability in matter of constant density:
where, in analogy to Eqs. (25) and (26), we define ∆ 2ν ≡ ∆m 2 L/(4E), A 2ν ≡ 2EV /∆m 2 , and θ and ∆m 2 are the generic two-flavor neutrino oscillation parameters. From Eq. (76) it is clear that for A 2ν ≪ 1 one has C ≃ 1, and vacuum neutrino oscillations with P ≃ sin 2 2θ sin 2 ∆ 2ν are recovered. For A 2ν = cos 2θ one can see in Eq. (76) also the MSW resonance [25] , which leads to C = sin 2θ in Eq. (76) and to the effective mixing angle in matter sin 2 2θ ′ = sin 2 2θ/C 2 = 1. The general resonance conditions for three flavors are much more complicated than those in the two-flavor case. However, due to the hierarchy of the mass squared differences and smallness of θ 13 , one can use, to a very good approximation, the respective effective two-flavor picture. This leads to the "solar" and "atmospheric" resonance = cos 2θ 13 .
The "atmospheric" resonance is clearly visible in Fig. 1 at E res ≃ 8.6 GeV and L 5500 km. The "solar" resonance occurs at the energy E res ≃ 0.11 GeV. Note that the solar resonance is not as pronounced in Fig. 1 as the atmospheric one, since the neutrino oscillation amplitude in vacuum sin 2 2θ 12 is already quite large.
Far enough to the left of the vertical lines in Fig. 1 marking the solar and atmospheric resonance energies one has vacuum neutrino oscillations with the "solar" parameters θ 12 , ∆m 2 21 and with the "atmospheric" parameters θ 13 , ∆m 2 31 , respectively. Indeed, the typical L/E pattern is clearly visible in Fig. 1 to the left of the vertical lines. The diagonal lines indicate the constant values of L/E corresponding to the first solar and atmospheric oscillation maxima in vacuum, given by the conditions α∆ = ∆m
respectively. To the right of the vertical lines the probability is dominated by matter effects. For A 2ν ≫ 1 we have C ≃ A 2ν in Eq. (76), which has two consequences: First, since A 2ν ∆ 2ν = V L/2, the oscillation frequency becomes independent of energy, and second, the oscillation amplitude becomes suppressed at high energies because sin 2 2θ/A 2 2ν ∝ 1/E 2 . Both these effects are apparent in Fig. 1 for neutrino oscillations with the solar as well as the atmospheric frequency.
In addition to the dependence on the neutrino energy, matter effects depend crucially on the baseline. From Eq. (76) one can see that the two-flavor oscillation probabilities approach the vacuum ones for C∆ 2ν ≪ π/2. Far above the MSW resonance energy, i.e. for A 2ν ≫ 1, one finds C ≃ A 2ν . Hence, the short-baseline limit is C∆ 2ν ≃ A 2ν ∆ 2ν = V L/2 ≪ π/2, leading to vanishing matter effects for L ≪ L mat ≡ π/V ≃ 5453 km. The horizontal lines in Fig. 1 indicate this baselines of the first "matter effect maximum" for large energies at L = L mat , and the first "matter effect minimum", L = 2L mat ≃ 10907 km. At the baseline 2L mat , where A∆ = V L/2 = π, the terms proportional to α 2 and αs 13 in the double expansion Eq. (31) disappear, and only the term proportional to s 2 13 survives. Therefore, this baseline is especially useful to measure s 13 , since ambiguities due to parameter degeneracies are avoided [38] . A dedicated analysis of this "magic baseline" can be found in Ref. [46] . 3 Note that the distance L mat depends only on the matter potential V , i.e. the energy E as well as neutrino masses and mixings do not enter.
Let us now consider the energy region well below the MSW resonance energy, where A 2ν ≪ 1. The short-baseline behavior of the oscillation probability in this region can be understood in the two-flavor picture by expanding Eq. (76) for fixed ∆ 2ν (i.e., fixed L/E) assuming A 2ν ≪ 1 and ∆ 2ν A 2ν ≪ 1. One finds
This relation shows that P matter − P vacuum decreases linearly with A 2ν ∝ E, which means that the matter effects vanish for very small energies, as mentioned above. In addition, for a fixed energy the right-hand side of Eq. (79) becomes zero for ∆ 2ν ≪ 1 or, equivalently, L ≪ L vac ≡ 4πE/∆m 2 . Therefore, the two conditions for the smallness of matter effects due to the short baseline can be written for all energies as
The relevance of matter effects is illustrated in Fig. 2 . In the upper left panel we show the probability difference |P matter eµ − P vacuum eµ | for the case α = 0, such that the oscillations due to the "solar" frequency are switched off and only matter effects are present which are related to the "atmospheric" resonance energy at 8.6 GeV. It can be seen that the difference, as well as the relative difference (lower left panel), vanish for L ≪ L min . The left plots of Fig. 2 show that the differences vanish also for small energies and long baselines. This can be understood as follows. For E ≪ E res the oscillation amplitude in matter is always close to that in vacuum. For very short baselines, this is also true for the oscillation phases. At intermediate baselines, the matter-induced correction to the oscillation phase, though much smaller than the main "vacuum" term, can become comparable to unity and so cannot be ignored. However, at long baselines L ≫ L vac the averaging regime sets in, which implies that any shifts in the oscillation phase become unimportant and the vacuum oscillations limit is regained. ) is the exact oscillation probability in matter (vacuum) for sin 2 2θ 13 = 0.05, ∆m 2 31 = 2 · 10 −3 eV 2 , and θ 23 = 45
• . In the left panels α = 0, whereas in the right panels α = 0.03, θ 12 = 33
• , and δ CP = 0. Matter of constant density ρ = 3 g/cm 3 is assumed, and the probabilities are averaged over a Gaussian energy resolution of 2%. The straight lines indicate the relevant resonance energies, first oscillation maxima, and the first matter effect maximum (see also Fig. 1 ).
The above discussion describes the regions where |P Fig. 2 . The structures seen in the plot emerge from the matter dependent phase shifts of oscillation probabilities with more or less equal amplitudes. This behavior can be understood in the two-flavor picture from Eq. (79), which implies that P matter − P vacuum grows linearly with E along the lines of constant ∆ 2ν or, equivalently, constant L/E. This growth is modulated in the ∆ 2ν -direction by the factor sin ∆ 2ν (sin ∆ 2ν − ∆ 2ν cos ∆ 2ν ), which describes nicely the details of the structures extending along lines of constant ∆ 2ν towards lower energies.
The right plots of Fig. 2 show the probability difference |P • , θ 23 = 45
• , δ CP = 0, and several values of sin 2 2θ 13 . Matter of constant density ρ = 3 g/cm 3 is assumed. Row 4 shows contours of P eµ calculated numerically.
energies and, due to the larger effective mixing angle, also to shorter baselines. The right plots of Fig. 2 show that in the realistic case of two mass squared differences matter effects are rather important and have to be taken into account in a large domain of the physically interesting parameter space.
Comparing the accuracy of the three types of expansions
In order to test the accuracy of our analytic expressions, we shall now compare the values of P eµ obtained from the expansion formulas Eq. (31) for the double expansion, Eqs. (47) and (48) for the single expansion in α, and Eqs. (65) and (66) for the single expansion in s 13 with the exact values of P eµ calculated numerically. Figure 3 shows the absolute errors |P for the three types of expansions as functions of the neutrino energy E and baseline length L for various values of sin 2 2θ 13 . For reference, we display in the lowest row of graphs in each of these figures also the probability P eµ itself, calculated numerically without any approximations.
First, we observe that in general the absolute errors shown in Fig. 3 are rather small- • , θ 23 = 45
• , δ CP = 0, and several values of sin 2 2θ 13 . Matter of constant density ρ = 3 g/cm 3 is assumed. Row 4 shows contours of P eµ calculated numerically. at the 0.1% level in a large part of the parameter space, whereas the relative errors shown in Fig. 4 are considerably larger, due to the smallness of the probability itself. Next, we note that the series expansions in α, i.e., the double expansion in α and s 13 and the single expansion in α, are only valid for
i.e., far below the first solar maximum. The obvious reason is that expanding terms of the type sin α∆ is only valid if α∆ is small, and hence, these two types of expansion cannot account for neutrino oscillations with the "solar" frequency. Note that for s 13 = 0 the single expansion in α gives P eµ = 0, since in that case the lowest-order term of P eµ is proportional to α 2 , and our single expansion in α only contains terms up to first order in α. This explains why at very small values of s 13 the double expansion (which includes terms of second order in α) is more accurate than the single expansion in α. In contrast, the neutrino oscillations with the "solar" frequency (for which the condition in Eq. (80) is violated) are in general very well accounted for by the single expansion in s 13 , since it retains the exact dependence of the probability on α. This expansion is the best one for relatively small values of s 13 and large values of L/E.
Figures 3 and 4 allow us to put the above observations on a more quantitative basis. In the region of L/E given in Eq. (80) (lower-right parts of the graphs), where the oscillations are mainly driven by the "atmospheric" mass squared difference ∆m 2 31 , the double expansion and the single expansion in α work rather well. For not too large values of sin 2 2θ 13 the double expansion is most accurate, with absolute errors at the 0.1% level and relative errors not exceeding 1% (5%) for sin 2 2θ 13 = 0.001 (0.01). However, for values of sin 2 2θ 13 close to the current upper bound the single expansion in α becomes better, with relative errors smaller than 1%. The reason for this is that for large values of sin 2 2θ 13 the neutrino oscillations driven by the "atmospheric" frequency and mixing angle θ 13 completely dominate the probability, and, in addition, for relatively large values of L and energies close to 10 GeV, the atmospheric resonance becomes important. Since the single expansion in α is exact in s 13 , it describes the case of relatively large s 13 well, and the atmospheric resonance is also correctly accounted for. At the same time, the accuracy of the double expansion becomes slightly worse near the first atmospheric maximum and the resonance. As was pointed out in Ref. [36] , for large values of s 13 the accuracy of the double expansion can be improved by replacing the term proportional to s (47) as the zeroth order term in the single expansion in α. For α = 0 this term describes the probability P eµ exactly to all orders in s 13 .
As can be seen from Figs. 3 and 4 , the single expansion in s 13 gives a rather poor description of the region of L/E defined in Eq. (80). The reason is that with only terms of first order in s 13 it is not possible to obtain a correct description of neutrino oscillations driven by ∆m 2 31 and θ 13 . This is also reflected by the fact that the lowest-order in s 13 terms in the eigenvalues of the Hamiltonian are O(s (29)]. On the other hand, the single expansion in s 13 is rather accurate for large values of L/E violating the condition (80) (upper-left parts of the graphs) and relatively small values of θ 13 : for sin 2 2θ 13 < 0.001 the accuracy is typically better than 1%.
To conclude this subsection, we show in Fig. 5 which type of expansion provides the most accurate expression for P eµ , depending on the values of the expansion parameters α and s 13 and for a number of fixed values of neutrino energy E and baseline length L. These plots change very little when the fundamental neutrino parameters ∆m 2 31 , θ 12 , θ 23 , and δ CP are varied within their allowed ranges, and also when one switches over to the other neutrino oscillation channels. As expected, one observes as a general trend that the single expansion in α is best for small α and large s 13 , whereas the single expansion in s 13 is best for small s 13 and large α. The double expansion is most accurate in a region where α and s 13 are of comparable order of magnitude.
In agreement with the discussion related to Figs. 3 and 4, we find from Fig. 5 that in the low-energy regime E ∼ 0.1 GeV the single expansion in s 13 is most accurate in almost the entire α-θ 13 plane. For values of L/E satisfying the condition (80) and energies larger than a few GeV the double expansion is most accurate in a large fraction of the α-θ 13 plane; only for values of s 13 close to the current upper bound does the single expansion in α become better. Furthermore, we note that for E ∼ 10 GeV and L 5500 km the atmospheric resonance is important, which leads to a better accuracy of the single expansion in α (see the rightmost We conclude that the double expansion in both α and s 13 is most accurate in a wide region of the parameter space, where α and s 13 are roughly of the same order of magnitude. The single expansion in s 13 has to be used whenever neutrino oscillations with the solar frequency are important (e.g., in the low-energy regime), whereas the single expansion in α is most accurate for values of s 13 close to the upper bound, or in cases where the atmospheric resonance is important.
Accuracy of the double expansion
Motivated by the fact that the double expansion is most accurate in a wider region of the parameter space than the single expansions, we present in this subsection some more accuracy tests for it. Figures 6 and 7 show the relative errors for P eµ given in Eq. (31) and P µτ given in Eq. (34), respectively, for neutrinos, antineutrinos, and normal and inverted hierarchies. We note that the relative accuracy of P eτ and 1 − P ee is very similar to the one of P eµ (Fig. 6) , anti-ν IH < 0.1% 0.1% − 1% 1% − 5% 5% − 10% > 10% Figure 6 : Relative errors of the double expansion for P eµ for neutrinos (rows 1 and 2), and P eµ for antineutrinos (rows 3 and 4), for normal hierarchy (NH) and inverted hierarchy (IH). The values of the fundamental neutrino parameters used are |∆m
• , θ 23 = 45
• , δ CP = 0, and several values of sin 2 2θ 13 . Matter of constant density ρ = 3 g/cm 3 is assumed.
and the accuracy of P µµ and P τ τ is similar to that of P µτ (Fig. 7) .
In the region of L/E defined in Eq. (80), the accuracy of P eµ is roughly between 1% and 5%. It should be noted that the absolute errors of the double expansion of P eµ depend very weakly on the choice of the fundamental neutrino parameters within their allowed ranges, and they are always very small, similar to the first row of plots in Fig. 3 . However, the relative errors shown in Fig. 6 are rather sensitive to the fundamental parameters values in the region of low L/E. The reason is that the probability P eµ itself is typically very small in this region, being as tiny as 10 −7 , or even smaller. Hence, the relative error, being a ratio of two small numbers, is quite sensitive to variations of the parameters (see, e.g., the second column in Fig. 6 ). In contrast, P µτ is rather large, because of the oscillations in "atmospheric" channel driven by the large ∆m 2 31 and maximal or nearly maximal mixing sin 2 2θ 23 ≃ 1. This is also clear from Eq. (34), since P µτ has a term of zeroth order in both α and s 13 , while P eµ from Eq. (31) is of second order in these parameters. Hence, in the case of P µτ , the relative errors are of the same order as the absolute errors, which are always very small. The errors shown in Fig. 7 are smaller than 0.1% for sin 2 2θ 13 ≤ 0.01 and smaller than 1% for sin 2 2θ 13 ≤ 0.1. anti-ν IH < 0.1% 0.1% − 1% 1% − 5% 5% − 10% > 10% Figure 7 : Relative errors of the double expansion for P µτ for neutrinos (rows 1 and 2), and P µτ for antineutrinos (rows 3 and 4), for normal hierarchy (NH) and inverted hierarchy (IH). The values of the fundamental neutrino parameters used are |∆m
Probability expansions and relation to experiments
The discussion of the accuracy of the different expansions can be used to identify the best set of equations for a given neutrino oscillation experiment. The first question is, however, whether matter effects are relevant or if the much simpler vacuum probabilities can be used. The absolute and relative differences between matter and vacuum probabilities vanish, as discussed in Sec. 6.1, for sufficiently low energies or for short enough baselines. The discussion showed that in experimentally interesting cases matter effects are almost always relevant for the ranges of L and E that we considered. If L/E is such that oscillations can be observed, then for fixed L/E the matter effects are negligible only at very small E (and consequently small L). An example where matter effects can be ignored at the percent level is given by the reactorν e disappearance experiments with energies of a few MeV and baselines up to a few kilometers.
In order to identify the best expansion for a given experiment, one must take into account that the analyses of real experiments are based on event rates and not on probabilities. It is useful to distinguish here between "point sources" (accelerator beams, reactors, the Sun, supernovae, etc.) where the observed neutrinos come from one point-like region in space, and "extended sources" (e.g., the atmosphere) where the observed neutrinos come from many different positions in space. An event rate based analysis of point sources implies essentially, for a given energy, an additional factor 1/L 2 in order to account for the reduction of the flux as a function of the baseline L. In addition, the detection cross section is typically proportional to E r , where 1 r 2, depending on the energy range and on the detection process. In the two-flavor approximation, when going from the first oscillation maximum at ∆ 2ν = π/2 to the nth oscillation maximum at ∆ 2ν = (n − 1/2)π this implies that the event rates drop by a factor 1/(2n − 1)
2 if the baseline is increased, or by a factor 1/(2n − 1) r if the energy is decreased. Hence, e.g., for a fixed energy the rate in the second (third) maximum is already reduced by a factor 1/9 (1/25). This explains why most current proposals for long baseline oscillation experiments aim at the first oscillation maximum of the "atmospheric" oscillations. The oscillations driven by the "solar" frequency are then a sub-leading effect, and in most cases the double expansion works very well. The overall relative precision of the double expansion is then typically in the range of a percent, or at worst, up to a few percent in this case. However, if θ 13 is close to its current upper limit, the single expansion in α is even more precise than the double expansion. On the other hand, if θ 13 is tiny, well below the sensitivity limits of any planned accelerator experiment, the single expansion in s 13 is more precise than the double expansion, especially for low energies. Note, however, that the double expansion has often a sufficient precision even when it is not the best expansion.
The discussion of point sources does not change much for experiments which aim at higher oscillation maxima. The 1/(2n − 1) 2 flux factor due to the beam divergence and/or the 1/(2n − 1) r factor due to the energy dependence of the detection cross sections reduce the observed event rates and limit all proposals to the first few oscillation maxima at best. The double expansion still works quite well for such proposals, as long as the sub-leading oscillations governed by the "solar" frequency stay in the linear regime, where an expansion in α makes sense. This leads to the condition 2n−1 ≪ α −1 ≃ 40, which is fulfilled for the first few maxima. Higher values of n are currently not proposed, since the flux and/or cross section would drop by a large factor, which would make the detectors and sources unaffordable. For largest (smallest) θ 13 the single expansion in α (s 13 ) works again numerically even better then the double expansion, just like in the case of the first oscillation maximum.
The discussion is somewhat different for sources which are not point-like. In that case, there is in general no 1/L 2 suppression of the flux, and the observed event rates are not dominated by the first oscillation maximum. An important example are atmospheric neutrinos, for which a wide range of baselines and energies contributes: the energy window of practical interest ranges from a 100 MeV to a few tens of GeV, while the baseline lies between 10 km and 10 4 km. This wide range of energies and baselines makes clear that none of the discussed expansions covers the full parameter range at the percent level. In general the double expansion works quite well for small or moderate L/E, while the s 13 expansion tends to work best for larger L/E values. At the same time, close to the atmospheric resonance or if the mixing angle θ 13 is near its current upper bound and for not too large L/E, the α expansion is expected to be the most relevant one.
In general, for all types of experiments and for any given values of L, E, and θ 13 the most accurate expansion can readily be found with the help of Fig. 5 .
Summary and conclusions
In this paper we have presented three different sets of approximate formulas for the probabilities of neutrino oscillations in matter and in vacuum. We have shown that in general the probabilities for all possible oscillation channels for neutrinos as well as for antineutrinos can be obtained from just two independent probabilities by using unitarity and a symmetry related to the "atmospheric" mixing angle θ 23 [see Eq. (14)]. One possible choice for these two probabilities is P eµ and P µτ . We have derived the expressions for the neutrino oscillation probabilities in matter of constant density, expanded in terms of the small parameters α ≡ ∆m 2 21 /∆m 2 31 , s 13 or in both of them. Below we summarize the main features of these expansions:
• Double expansion up to second order in α and s 13 [Sec. 3.1, Eqs. (30)- (34)] The neutrino oscillation probabilities are expanded in both small parameters up to second order. In general, these expressions are valid for α∆ = ∆m
4 km/GeV, i.e., if neutrino oscillations due to the solar mass squared difference ∆m 2 21 are not important. The accuracy of the approximation is good for a wide range of the parameters. Typically, the relative errors of P eµ , P eτ , and 1 − P ee are between 1% and 5%, the relative errors of P µµ , P µτ , and P τ τ and the absolute errors for all probabilities are of the order 0.1%.
• Single expansion up to first order in α [Sec. 4.1, Eqs. (45)
-(50)]
The neutrino oscillation probabilities are expanded in α, but the exact dependence on s 13 is retained. Like in the case of the double expansion, these formulas are valid in the region where the oscillations driven by the solar mass squared difference are not important: α∆ = ∆m
4 km/GeV. The accuracy is better than the one of the double expansion for values of s 13 0.1 close the current upper bound, or if the atmospheric resonance is important. For instance, for a matter density ρ = 3 g/cm 3 and ∆m 2 31 = 2 · 10 −3 eV 2 this is the case for E ∼ 10 GeV and L 5500 km.
• Single expansion up to first order in s 13 [Sec.
5.1, Eqs. (63)-(68)]
The neutrino oscillation probabilities are expanded in s 13 , but the exact dependence on α-and therefore on ∆m 2 21 -is retained. Hence, these expressions are useful in the region where the oscillations due to the solar mass squared difference are relevant:
4 km/GeV. In particular, this is the case for low energies E ∼ 0.1 GeV and L 10 3 km. For values of L/E outside the "solar" regime this type of expansion is only useful for very small values of s 13 
10
−4 ÷ 10 −3 .
• Vacuum limit of the expansions [Secs. 3.2, 4.2, 5.2]
The vacuum limit for each type of expansion is valid if, in addition to the requirements ensuring the validity of a given type of expansion, matter effects can be neglected (see discussion in Sec. 6.1). This usually implies low energies or short baselines. We find that in many realistic cases matter effects are of the order of a few percent. Hence, if an accuracy at that level is required, one should employ the formulas for neutrino oscillations in matter.
In conclusion, we have presented a collection of formulas for three-flavor neutrino oscillation probabilities by deriving expansions in small parameters. We have performed a detailed analysis of the accuracy of these expansions and determined the parameter regions where they are most accurate. The expansions of the neutrino oscillation probabilities in matter of constant density are useful for the analytical understanding of the physics of future neutrino oscillation experiments. Furthermore, we have also presented expansion formulas for the neutrino oscillation probabilities in arbitrary matter density profiles (see Appendix B), which can be applied to a large class of problems. 
For the eigenvectors we write
i , and since M (0) is diagonal at zeroth order, we have v (0) i = e i . Then, the first and second order corrections to the eigenvalues are given by
and the corrections to the eigenvectors are calculated by
The mixing matrix in matter is given by In our paper, we do not in general order the eigenvalues according to their magnitude. Such an ordering would create problems as one would have to re-label the eigenvalues upon passing through each of the two MSW resonances. The ordering is actually unimportant if one is careful to assign the correct eigenvector to each eigenvalue.
We also reiterate the point discussed at the end of Sec. 3.1: despite the fact that in the case of the double expansion the eigenvalues as well as certain entries of the leptonic mixing matrix in matter are divergent at A → 0 and A → 1, the neutrino oscillation probabilities are finite in these limits. In particular, the correct vacuum probabilities are recovered in the limit A → 0. The mentioned divergences are of no concern to us, since we are interested in oscillation probabilities rather than in eigenvalues or the mapping between the mixing in matter and in vacuum, as was the case, e.g., in Ref. [36] .
A.2 The Cayley-Hamilton formalism
In order to derive a series expansion for the evolution matrix S in small parameters, we can use the following formula from Refs. [12, 14] :
where H is the Hamiltonian in the flavor basis as given in Eq. (6) and E i (i = 1, 2, 3) are the eigenvalues of this Hamiltonian. Inserting series expansions of the eigenvalues [see, e.g., Eqs. (40)- (42) and (58)- (60)] and the Hamiltonian H into Eq. (A9), it is straightforward to obtain an expression for S αβ , and subsequently, for the neutrino oscillation probabilities
B Perturbative expansion of the evolution equation for arbitrary matter density profiles
In this appendix, we present the details of the perturbative expansion of the neutrino evolution equation in the case of matter with an arbitrary density profile. We also give the formulas relevant for the particular case of matter of constant density.
Consider the neutrino evolution matrix S(t, t 0 ) defined in Eq. (9) . It is convenient to rotate it by the angle θ 23 according to Eq. (13) . The evolution matrix in the rotated basis S ′ (t, t 0 ) satisfies the evolution equation i(d/dt)S ′ (t, t 0 ) = H ′ (t)S ′ (t, t 0 ) with the initial condition S ′ (t 0 , t 0 ) = ½ and the Hamiltonian H ′ (t) given by [28] 
It is important to notice that H ′ (t) [and hence, S ′ (t, t 0 )] does not depend on the mixing angle θ 23 . This is a consequence of the specific parameterization of the leptonic mixing matrix U in Eq. (1) 
Up to now, no approximations have been made. Next, we shall find the evolution matrix perturbatively. Let H ′ 1 be the part of H ′ I that is of the first order in the chosen expansion parameter. Then, to first order in this parameter, one finds
from which, upon rotation back to the original flavor basis, the evolution matrix S(t, t 0 ) is obtained. We shall now consider the application of the above formalism to the cases when the expansion parameter is either α or s 13 .
B.1 Expansion up to first order in α
In this case, the zeroth-order Hamiltonian H ′ 0 (t) is obtained from Eq. (B1) by taking the limit α → 0 (i.e., ∆ 21 → 0). The zeroth-order evolution matrix S 
where u(t, t 0 ) and v(t, t 0 ) are to be found from the solution to the two-flavor problem governed by the mass squared difference ∆m 2 31 , mixing angle θ 13 , and matter potential V (t), and
The parameters u and v satisfy |u| 2 + |v| 2 = 1. The factor e −iδ CP was pulled out from v for convenience (this will simplify some of the formulas given below).
The neutrino oscillation probabilities to first order in α in the case of matter with an arbitrary density profile can be written as Note that the integrals I 5 , I 6 , and I 7 are real, I 5 + I 6 = t − t 0 , and the integrals I 8 and I 9 can be obtained from I 3 and I 4 , respectively, by substituting f → f * .
In the case of matter of constant density, the parameters u, v, and f are given by u(t, 0) = cos C 13 ∆ t L + i cos 2θ 13 
v(t, 0) = −i sin 2θ 13 This case was studied in detail in Ref. [28] (Appendix A), which we closely follow here. The zeroth-order Hamiltonian H ′ 0 (t) is obtained from Eq. (B1) by taking the limit θ 13 → 0. The zeroth-order evolution matrix S 
where x(t, t 0 ) and y(t, t 0 ) are to be found from the solution to the two-flavor problem governed by the mass squared difference ∆m 
The parameters x and y satisfy |x| 2 + |y| 2 = 1.
The neutrino oscillation probabilities to first order in s 13 in the case of matter with an arbitrary density profile can be written as 
In the case of matter of constant density, the parameters x, y, and g are given by 
